An asymptotic method based plate analysis is carried out for composite laminates including interfacial imperfections. By scaling of the thickness coordinate with respect to the characteristic length of the plate, the initial three-dimensional governing equations are separated into the microscopic through-the-thickness equations and macroscopic plate equations. In the microscopic 1D analysis, finite element method along the thickness direction is applied to obtain the deformation modes and equivalent stiffnesses. In order to describe the interfacial imperfection effects, a spring layer model is introduced, which can be easily combined with the existing 1D finite element formulation. From the microscopic analysis, the macroscopic plate equations which take the form of recursive equations are refined maintaining the form of classical plate theory. Herein the present studies, various layups including sandwich plate are taken into account to demonstrate the validity of the present analysis. Since the suggested method can easily and accurately predict the behavior of the composite plate having interfacial imperfections, it can be used as an efficient analyzing and designing tool.
I. Introduction
PPLICATION of laminated composites has been increased to the various fields where high-strength, highstiffness and weight-reduced materials are typically demanded, for example, aerospace and automobile industries. Especially, because of the inhomogeneity and anisotropy of materials, it is very important to calculate the accurate static/dynamic behaviors of laminated composites. The laminated composite plate exhibits a larger shear deformation than an isotropic plate because the epoxy materials, which are used in the matrix of the composite, have weak shear moduli. Thus, the classical 'Kirchhoff-Love plate theory' and 'Reissner-Mindlin plate theory' are inappropriate for the analysis of composite plates. To improve the accuracy of analyses, many theories, which describe the higher-order behavior of plates including the transverse shear deformation, have been reported in the literature. These can be categorized into three: smeared theories, zigzag theories and layerwise theories [1] [2] [3] [4] . These higher-order theories however have defects that we do not know how accurate they are, and strongly count on initially assumed warping functions. It is therefore demanded to derive a desirable way such that one can find the proper warping functions from 3D elasticity. There are many methods, among others, an asymptotic approach equipped with rigorous mathematical foundation can be used to obtain the appropriate warping functions.
There are three types of asymptotic methods in general: the formal asymptotic method (FAM) by Niordson 5 , the variational-asymptotic method (VAM) by Berdichevskii 6 and Berg 7 , and the asymptotic integration method by Novotny 8 , Wang and Tarn 9 . The VAM was applied by Yu et al. 10 and Yu 11 to derive a Reissner-Mindlin-like plate theory via the through-the-thickness finite element analysis. For the displacement prescribed boundaries, there have been many efforts [12] [13] [14] [15] by applying the FAM to find the interior solution by employing either the decay analysis method 13 or the averaged boundary conditions 14 . The generalized averaged boundary conditions were successively applied to generic anisotropic plates 15 and beams, which require much less efforts than the decay analysis method. Kim and Wang 16 also presented the vibration analysis of composite beams based on the averaged boundary conditions. The results obtained therein were promising to have physical insight on the three-dimensional behavior of plates as well as to capture the three-dimensional composite coupling characteristics.
In the present study, the FAM based plate analysis (FAMPA) developed by Kim 15 is extended to the analysis of composite plates with interfacial imperfections. It is well known that the properties of laminated composites are significantly influenced by the properties of interfaces between the lamina 17 , but the perfect interface, which implies continuous tractions and displacements across the interface, is assumed in most researches. The presence of imperfect interfaces weakens the strength and stiffness of such plates, therefore, the accurate analysis of laminated composites with interfacial imperfections is required. In the last two decades, various studies have been proposed to investigate the behaviors of composite structures with weakened interfaces [18] [19] [20] [21] .
However, it appears that the analysis of laminated composite with imperfect interfaces using an asymptotic method has not yet been studied in the literature. Thus the present work aims to propose a numerical strategy to assess the effect of weakened interfaces of laminated composite based upon solid mathematical foundation.
In this paper, the static problem of rectangular composite plates with interfacial imperfections is analyzed via the FAMPA. The numerical examples demonstrate that the method proposed enables us to capture the threedimensional behavior of laminated composite having weakened interfaces without employing an expensive three-dimensional finite element analysis.
II. Formal Asymptotic Formulation

A. 3D Equilibrium Equations and Asymptotic Expansion
A 3D composite plate with interfacial imperfections is shown in Figure 1 , which has general material anisotropy. The small parameter () is defined in order to apply the asymptotic expansion method, and the coordinates are scaled in the following manner. , ,
where a small parameter is defined to be  = h/a, in which 'h' and 'a' represent the thickness and characteristic length of the plate, respectively. The scaled governing equations for 3D static problem of linear elasticity can be obtained from Eq. (1) as follows:
Figure 1. Geometry of rectangular composite plates including interfacial imperfections
where a subscript ( ) ,i denotes the partial derivative with respect to the coordinate y i , the body force vector is b  .
The σ and ε represent engineering strain and stress, respectively. The linear operator  i are shown in the work of Kim 15 . The displacement is asymptotically expanded in terms of the small parameter. Subsequently, by plugging the expanded displacement into the strain and stress expressions given in Eq. (2), one can obtain stress and strain expansions as follows: 
where,
. The order of magnitude of body forces and applied forces is presupposed by following the same way defined in the references 14, 15, 22 . By substituting Eq. (3) into Eq. (2) and collecting the same order of the small parameter defined in Eq. (1), the recursive equations can be obtained as follows:
The associate boundary conditions can be seen in the work of Kim 15 .
B. Microscopic Problems with Interfacial Imperfections
The first microscopic two-dimensional problem has an analytical form of solution, and the detailed process can be seen in Kim et al. 14 and Kim 15 . The second microscopic 2D problem, which corresponds to k = 0, u (2) can be decomposed into two parts.
where the first term is the fundamental solution and the second is the warping solution. The virtual work form of the second microscopic problem can be expressed as follows:
where the detailed description can be seen in the work of Kim 15 . The finite element discretization is employed by using the standard 1D Lagrangian interpolation function to solve Eq. (6). Thus, the warping displacement can be expressed as
where N u is the shape function matrix. Substituting Eq. (7) into (6) gives where   3   3  3  3  3  3  , 3  3 , , ,
The Eq. (8) can be solved by applying the orthogonality condition to a rigid body displacement 14, 15 . Consequently its solution is represented by (2) (1) (1)
,
The detailed description of the inverse procedure can be seen in the work of Kim et al. 14 and Kim 15 . Γ
represents through-the-thickness directional deformation due to the macroscopic mechanical strain. The generalized solution can be systematically derived as follows:
where
In the procedure of the assembling global stiffness matrix K in Eq. (8), the spring element is introduced to express the displacement jump due to the imperfections as shown in Figure 2 .
where the stiffness of the spring element can be derived by the spring-layer model 17, 20 , as follows:
in which 
C. Macroscopic 2D Problems
The equilibrium equations of the macroscopic problems can be expressed as follows:
where n α = m α = 0, if k ≥ 2, q (k+1) = 0, if k ≥ 2, which means that there are no external loadings in the equations with k ≥ 2. The constitutive equations which represent the k-th order stress resultants (k ≥ 1) can be defined by
and (1) (1) 3
In order to solve the governing equations, one can derive the weak formulation for the problem from Eq. (16) such that
Applying a standard finite element discretization procedure to Eq. (20) yields the following recursive linear equation:
where the detailed descriptions of Eqs. (20) and (21) can be seen in the work of Kim 15 . In the present study, the generalized boundary conditions are adopted, and the calculating procedure can be seen in the work of Kim et al 14 . and Kim 15 . The generalized averaged displacement boundary conditions are given by
The solutions are obtained by solving Eq. (21) with Eq. (22) as a displacement prescribed boundary conditions.
III. Numerical Examples and Discussion
For the present asymptotic analysis, laminated and sandwich plates are studied as illustrative examples. The material properties of ply are taken from Kim 15 
where L denotes the fiber direction. For sandwich plates, the material properties of the face sheet are the same as those in (23), and the core material properties are given by 
First of all, the warping modes calculated in Eqs. (10) and (12) are plotted. For the purpose of comparison, the warping modes without imperfections are also presented. Figure 3 shows the second-order through-the thickness deformation mode ( imperfections are shown in the graphs, and the deformation modes with interfacial imperfections are larger than the other one. In the case of including imperfections, the deformation mainly occurs through the in-plane direction. As presented in Eq. (14), the in-plane displacement jump occurred by imperfections are related to the transverse shear stress σ 13 and σ 23 , thus the jumping effect can be seen in the second order deformation modes.
The displacements and stress fields along the thickness direction are obtained via the Navier's analytical method under doubly sinusoidal loading. Thus, the traction in Eq. (16) is expressed as follows: (2) sin sin
where α = π/a, β = π/b, and Q is constant. The displacements of the plate should be assumed by taking into account the layup configuration of the composite. To observe the weakened interfacial effect more effectively, the following nondimensional parameters are defined: 
The dimensionless compliance 17 which indicates the normalized severity of interfacial damage is defined as follows:
The results of a symmetric cross-ply laminate ([0/90/0]) are shown in Figure 4 . Since the length-to-thickness ratio of the laminate is very high (S = 4, and b = 3a), the 6th order displacements considered to be converged 15 are plotted by varying the dimensionless compliance coefficient R from 0 (perfect bonding) to 0.6. When R is zero, there is no displacement jump at the interface, which is almost same to the elasticity solution. As the R increases, the jump also increases linearly like the tendency reported in the literature [17] [18] [19] [20] [21] . In Figure 5 , the normalized in-plane stress σ 1 is plotted at the center of the anti-symmetric cross-ply composite plate. Although the plate is very thick, the qualitative behavior of the weakened interfacial effect is shown well. Not only the zigzag displacement field, but the zigzag stress field is also more significant as the compliance parameter increases. seen in the result of the anti-symmetric angle-ply composite. In Figure 7 , normalized transverse shear stress of a sandwich plate is presented. Compared to the conventional laminated cross-or angle-ply, sandwich plates show more significant shear deformation because of the flexibility of core material. Thus, the accurate prediction of transverse shear stresses which shows the kink shape as shown in the top and bottom parts in Figure 7 is very important. The difference of the maximum shear stress (max(σ 5 )) between R = 0 and R = 0.6 is about 70%, which implies that the weakened interfacial effect of the sandwich plate cannot be overlooked.
IV. Conclusion
An asymptotic analysis of composite plates including interfacial imperfections is presented in this paper. Starting from the 3D equilibrium equations, two different length scales are introduced to systematically separate them into the 1D microscopic and 2D macroscopic problems. In order to consider the effect of imperfections, spring-layered model is introduced between layers. The microscopic warping solutions are then obtained, and the results seem to be reasonable. The displacement and stress fields are calculated via the Navier's analytical method by assuming traction forces as doubly sinusoidal loadings. The results obtained herein show the effects of interfacial imperfections well. The increase of normalized compliance which varies from 0 to 0.6 makes the zigzag field dominant compared to the smooth one both cross-ply and angle-ply laminates. In case of the sandwich plate, the tendency is similar but more severe than the conventional cross-and angle-ply laminates since the sandwich plate has a more flexible core than the face sheet. For all the layups, the interfacial imperfection effects are well posed in the present study. To sum up, it can be concluded that the interface slipping behavior is easily and properly described by the asymptotic method based analysis.
